This paper investigates the extended weight enumerators for the number-theoretic insertion/deletion correcting codes. As a special case, this paper provides the Hamming weight enumerators and cardinalities of the non-binary VT codes.
I. INTRODUCTION
Several efficient decodable insertion/deletion correcting codes are defined by congruences. Such codes are called number-theoretic codes [1] . The code rate characterizes the performance of the code and is derived from the number of codewords or cardinality of the code. The cardinalities of the linear codes are easily derived from the size and rank of the generator or parity-check matrices. On the other hand, in the case of number-theoretic codes, derivation of the cardinalities is not an easy problem.
The binary Varshamov-Tenengoltz (VT) codes [2] are number-theoretic single insertion/deletion correcting codes. Its cardinality is given by Ginzburg [3] , Stanley and Yoder [4] 1 .
To derive cardinalities of the binary VT codes, Stanley and Yoder [4] firstly derived the Hamming weight enumerators of the codes. In other words, the Hamming weight enumerators are used for deriving the cardinalities.
Bibak and Milenkovic [6] defined the binary linear congruence (BLC) code, which is a general class of numbertheoretic codes, and derived its Hamming weight enumerator. The BLC code includes the binary codes defined by a single linear congruence, e.g., binary VT code [2] , Levenshtein code [7] , Helberg code [1] , and odd weight code [8] . Sakurai [9] generalized this result, namely, defined r-ary linear congruence code and derived its Hamming weight enumerator. Moreover, Sakurai [9] provided simple proof for its Hamming weight enumerator. However, those classes of codes do not include several useful number-theoretic codes, e.g., non-binary VT code [5] and non-binary shifted VT (SVT) code [10] .
In this paper, we investigate the simultaneous congruences (SC) code, which is a general class of non-binary codes defined by multiple non-linear congruences. The SC code is a generalization of the r-ary linear congruence code and includes non-binary VT code and non-binary SVT code. We present a formula of the extended weight enumerator, which is a generalization of Hamming weight enumerator, for the 1 More precisely, they [3] , [4] defined an "r-ary" VT code, which is a natural generalization of the binary VT codes, and derived the cardinality of this code. However, this r-ary VT code cannot correct an insertion or deletion for r ≥ 3 and is not equivalent to the r-ary VT code presented by Tenengoltz [5] . SC code. Moreover, by using this result, the paper derives the Hamming weight enumerators and cardinalities of the nonbinary VT codes. From this, we clarify the parameters which give maximum cardinality of the non-binary VT code.
Summarizing above, the paper contributions are (i) showing a formula of the extend weight enumerator for the SC code by generalizing the results in [6] , [9] , (ii) deriving the Hamming weight enumerators and cardinalities of the non-binary VT codes, and (iii) clarifying the parameters which give the maximum cardinality of the non-binary VT code.
The rest of the paper is organized as follows. Section II introduces the notations and definitions used throughout the paper. Section III derives the formula of the extended weight enumerators of the SC codes. Section IV presents the Hamming weight enumerators and cardinalities of the nonbinary VT codes. Section V concludes the paper.
II. PRELIMINARIES
This section gives notations used throughout the paper. This section also introduces several classes of number-theoretic codes and the weight enumerators.
A. Notations and Definitions
Let Z, Z + , and C be the set of integers, positive integers, and complex numbers, respectively. For
) be the greatest common divisor of a, b. For n ∈ Z + , let φ(n) and µ(n) be Euler's totient function and Möbius function, respectively.
Let i be the imaginary unit. Define e(x) := exp(2πix).
.
(1)
For n ∈ Z + , the q-integer is defined by
Similarly, for non-negative integers a, b, t 0 , t 1 , . . . , t r−1 , we define the q-factorial, the q-binomial coefficient, and the qmultinomial coefficient as follows
where t = t 0 , t 1 , . . . , t r−1 . Hereafter, we drop the subscript q if it is clear from the context.
B. Number-Theoretic Codes
Bibak and Milenkovic [6] defined the binary linear congruence (BLC) codes as follows:
Then, the BLC code of length n with parameters m, a, h is defined by
In general, the number-theoretic insertion/deletion correcting codes are defined by multiple non-linear congruences over non-binary elements. We refer such codes as non-binary multiple non-linear congruence codes or simply simultaneous congruences (SC) codes.
. . , ρ s . Then, the r-ary SC code of length n with parameters s, ρ, a, m is defined as C ρ,a,m (n, r, s)
Then, we get C h ,a,m (n, 2, 1) = BLC a (n, m, h).
In words, the SC codes are generalization of the BLC codes.
The non-binary VT codes [5] are single insertion/deletion correcting codes and defined as follows:
Then, the q-ary VT code of length n with parameter a 1 , a 2 is VT a1,a2 (n, r) := C γ,σ , a1,a2 , n,r (n, r, 2)
Note that γ(x) is a non-linear mapping. Example 1: Table I displays the codewords of VT a1,a2 (3, 3) for a 1 , a 2 ∈ [ [3] ]. Note that the cardinalities of the non-binary VT codes depend on the parameters a 1 , a 2 . 
Table II shows some special cases of the SC code. The codes defined over the ring of integer modulo m are also special cases of the SC code. Note that the BLC code is also special cases of the SC code with s = 1 and r = 2. where z = z 1 , z 2 , . . . , z s and w = w 0 , w 1 , . . . , w r−1 . Remark 2: Define 1 := 1, 1, . . . , 1 and w * := 1, w, w, . . . , w . Then, the complete weight enumerator for a code T is
C. Hamming and Extended Weight Enumerator
Moreover, the Hamming weight enumerator for T is derived from the extended weight enumerator as follows:
(2)
Furthermore, the cardinality of T satisfies |T | = H(T ; 1) = W ρ (T ; 1, 1) .
III. EXTENDED WEIGHT ENUMERATORS FOR SC CODES

A. Main Result and Corollary
The following main theorem presents an important property to derive the extended weight enumerators for the SC codes.
Theorem 1: Define the parameters (resp. extended weight enumerator) as in Definition 2 (resp. 4). Define ze k m := z 1 e( k1 m1 ), z 2 e( k2 m2 ), . . . , z s e( ks ms ) . Then, the following equation holds: 
B. Proof of Main Result and Corollary
The following well-known identity is used in the proof of Theorem 1.
Lemma 1: For any A ∈ Z, m ∈ Z + , the following identity holds:
1) Proof of Theorem 1: Note that e(x + y) = e(x)e(y) and e(xy) = {e(x)} y . Definition 2 and Lemma 1 lead
By combining this equation and Definition 4, we obtain the theorem as follows:
W ρ (C ρ,a,m (n, r, s); z, w) 
IV. CARDINALITIES AND HAMMING WEIGHT ENUMERATORS FOR NON-BINARY VT CODES
This section derives Hamming weight enumerators and cardinalities for non-binary VT codes by using Theorem 1.
Moreover, we show the parameters which give maximum cardinality of the r-ary non-binary VT code of length n. Section IV-A gives the results above and Section IV-B proves them. Section IV-C shows a numerical example.
A. Main Result
The following theorem presents the Hamming weight enumerators and cardinalities of the non-binary VT codes. 
The following corollary shows that the non-binary VT code with parameters a 1 = a 2 = 0 has the largest cardinality for any n and r. 
where t = t 0 , t 1 , . . . , t r−1 . This concludes the proof. . (5) In particular, for w = w * = 1, w, w, . . . , w , we have . (6) Proof: For a fixed k 1 , define d := n (n,k1) . Then, e(k 1 /n) is a primitive d-th root of unity. Combining Lemmas 4 and 5 gives Combining this identity and (5) gives (6) .
